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Question 1 - B (1 mark)

The negation of a universal assertion is an existential assertion. For a fixed z, the negation of P = @ is
P A—Q.Here Pisz? < 9and Q is f(x) > 0, so a counterexample requires z> < 9 and f(z) < 0. Hence
B.

Syllabus: MEX12-2, MEX12-8; MEX-P1 The Nature of Proof: formal language, negation, implication and quantifiers.

Question 2 - C (1 mark)

Write z = = 4 iy. Then z 4+ 2z = 3z — iy, so x = 3 and y = —2. Thus
(1+4)z=(1+1)(3—2{) =5+1.

Its imaginary part is 1. Hence C.

Syllabus: MEX12-1, MEX12-4; MEX-N1, N1.1 Arithmetic of complex numbers: Cartesian form, equality, conjugates and
multiplication.

Question 3 - A (1 mark)

Expanding the scalar product gives
|2a +b|> =4|a]* +4a-b+ |b|? =16 — 12 +9 = 13.
Hence A. The data are consistent, since cos = —3/(2-3) = —1/2.

Syllabus: MEX12-3; MEX-V1, V1.2 Further operations with three-dimensional vectors: magnitude and scalar product.

Question 4 - D (1 mark)
The integrand is 2/(z + 1) + 1/(z + 2). Therefore the integral is
2In(z + 1) + In(z + 2)]; =2In2 4+ In3 — In2 = In6.

Hence D.

Syllabus: MEX12-5; MEX-C1 Further Integration: partial fractions and definite rational integrals.

Question 5 - B (1 mark)
In SHM, acceleration has the form a = —n?(z — c). Subtract the two observations:
~10 — 6 = —n?(6 — 2).
Hence n? = 4 and n = 2, so the period is 27/n = 7 seconds. Hence B. The equilibrium position is

¢ = 7/2 metres, though it is not needed.

Syllabus: MEX12-6; MEX-M1, M1.1 Simple harmonic motion: acceleration-displacement equation and period.

Question 6 - A (1 mark)

Since (a — b)2 > 0and a + b = 4, we have ab < 4. The expression equals
2 b)+4
1+ M =1+ 12 > 4.
ab ab

Equality holds at a = b = 2, so 4 is an attained minimum. Hence A.

Syllabus: MEX12-2, MEX12-8; MEX-P1 The Nature of Proof: non-negative squares and the
arithmetic-mean/geometric-mean inequality.
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Question 7 - D (1 mark)

Put z = x + 4y. Subtracting (z — 1)? 4+ y* = 4 from (z + 1)% + y*> = 12 gives 4z = 8,s0z = 2 and y* = 3.
Thus z; = 2 + iv/3 and 25 = 2 — i4/3, in either order. Their sum is 4 and their product is 7.
Consequently

2425 = (214 22)° — 32122(21 + 22) = 64 — 84 = —20.
Hence D.

Syllabus: MEX12-4, MEX12-7; MEX-N2, N2.2 Geometrical implications of complex numbers: subsets defined by modulus
relations; MEX-N1 arithmetic and powers.

Question 8 - C (1 mark)
The first two coordinates give 22 + y? = 4. Therefore

2= (z+9y)* =2>+9* + 22y =4+ 2zy,
so xy = —1. Also xy = 4sint cost = 2sin 2¢. Thus

. Ty 5
=3 =3+ —==—.
z —+ sin + 2 5
Hence C. The constraint is attainable, for example at t = —m/12; both admissible coordinate pairs give

the same height.

Syllabus: MEX12-3, MEX12-7; MEX-V1, V1.3: vector equations of parametric curves in two or three dimensions; Extension
1 corequisite double-angle identities.

Question 9 - B (1 mark)

Integrate by parts with w = In(1 + z) and dv = (1 + z) 2dz. Then du = dz/(1 + z) andv = —(1 +z) L.
The integral equals

In(1+z)]" [! ) In2 1 1-1In2
—— l1+z)2de=—— - =—~.
[ 1tz ]0+/()( +a) de 2 T3 2

Hence B.

Syllabus: MEX12-5; MEX-C1 Further Integration: integration by parts and definite integrals.

Question 10 - D (1 mark)

Put ¢ = k/m > 0 and take z = 0 at the start of the first interval. From the supplied speed, dt/dx = e“* /u.
Therefore the elapsed time to reach displacement z is t(z) = (e — 1)/(cu). Put ¢ = e > 1. Successive
equal-distance interval times are

g—1 q(g—1) a*(g—1)
CcCu ’ CcCu ’ CcCu ’

Their common ratio is ¢. The first two times give ¢ = 3, so the third interval takes 3(37") = 9T'. Hence D.

Syllabus: MEX12-6, MEX12-7; MEX-M1, M1.3 Resisted motion: horizontal motion under resistance proportional to a
power of speed; velocity versus displacement and displacement versus time.
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Question 11 (15 marks)

Short problems

(a) 2 marks
In polar form, 2 — 2i = 2v/2 cis(—/4). Thus
(2 — 2i)® = (2V/2)8 cis(—27) = 4096.

Marking: Correct polar form or an equivalent exact repeated-squaring calculation. | Correct exact value 4096.

2017 mapping: MEX12-1, MEX12-4, MEX12-7, MEX12-8; MEX-N1.2, MEX-N2.1.

(b) 2 marks

Write z = = + 4y. Squaring gives (z — 1) + y? = 4]z + (y + 2)?], or 322 + 3y* + 2z + 16y + 15 = 0.

Hence
1)? 8\> 20
(m+§) + <y—|— g) =3
The centre is (—1/3, —8/3) and the radius is 2v/5/3.
Marking: Correct Cartesian equation. | Correct centre and radius.
2017 mapping: MEX12-1, MEX12-4, MEX12-7, MEX12-8; MEX-N2.2.
(c) 2 marks

For a perpendicular vector (z, y, z), the scalar products give 2z — y + 2z = 0 and = + 2y = 0. One
solution is (—4, 2, 5), whose magnitude is v/45 = 3+/5. A required unit vector is

1
ﬁ(41,2,5).

Its negative is equally valid. No cross product is needed.

Marking: Use two zero scalar products to obtain a nonzero perpendicular vector. | Correct normalisation.

2017 mapping: MEX12-3, MEX12-7, MEX12-8; MEX-V1.2.

(d) 2 marks

Usez = (22 4+ 2) — land 2% + 2z + 5 = (z + 1)? + 4. The result is

1 1 1
Eln(w2 + 2z +5) — Etanfl <:v—2k > +C.

The quadratic is positive for every real z.

Marking: Separate a logarithmic derivative and the completed-square integral. | Correct two terms and an arbitrary
constant.

2017 mapping: MEX12-1, MEX12-5, MEX12-7, MEX12-8; MEX-C1.
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(e) 2 marks

The equation is & = —9(z — 2). Thus the equilibrium is = 2 metres, the angular frequency is 3 radians
per second, and the period is 27r/3 seconds.

Marking: Equilibrium x=2. | Period 2pi/3 seconds.

2017 mapping: MEX12-6, MEX12-7, MEX12-8; MEX-M1.1.

(f) 2 marks

Among three consecutive integers, one is divisible by 3. At least one is even, so the product is divisible
by 2 as well. Since 2 and 3 are relatively prime, the product is divisible by 6.
Marking: Explain both divisibility by 2 and by 3. | Justify divisibility by 6 for all positive integers.

2017 mapping: MEX12-1, MEX12-2, MEX12-7, MEX12-8; MEX-P1.

(g) 3 marks

For n = 0, the expression is 0, agreeing with uy. Suppose the formula holds for n = k£ > 0. Then
1+2(3"—1)/(3*+1) 3k1_1
2+ (3k—1)/(3k+1) 3kl p1’

The denominators are nonzero: under the hypothesis 0 < u; < 1, s0 2 + u; > 0. Induction proves the

Uk+1 =

result.

Marking: Verify the base case and state the induction hypothesis. | Substitute into the recurrence and simplify correctly. |
Establish the required next case and conclude; denominators are valid.

2017 mapping: MEX12-1, MEX12-2, MEX12-7, MEX12-8; MEX-P2.
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Question 12 (15 marks)

A chord and a constrained family of spheres

(a) 2 marks

_>
Here AB = (5,2, —3), of length 1/38, and the direction vector has length 3. Their scalar product is 18.
Thus

0 = cos ! (%)

Marking: Correct scalar product and magnitudes. | Correct exact acute angle.

2017 mapping: MEX12-3, MEX12-7, MEX12-8; MEX-V1.2.

(b) 2 marks

At parameter t, the vector from the line to Bis (5 — 2¢,2 — ¢, —3 + 2t). Orthogonality gives
26—2t)+(2—t) —2(—3+2t) =18 — 9t = 0.

Hence ¢t = 2 and H = (5,0, —3). This is the minimum because the squared distance is a strictly convex

quadratic, as shown next.

Marking: Correct orthogonality equation. | t=2 and H=(5,0,-3).

2017 mapping: MEX12-3, MEX12-7, MEX12-8; MEX-V1.2, MEX-V1.3.

(c) 2 marks

— — — — —
Write BX = BH + HX.Now BH = (—1,0,—-1), HX = (t — 2)(2,1,—2), and their scalar product is

zero. Therefore
2 2
|BX|*=249(t — 2)°.
Direct expansion is also valid.

Marking: Correct perpendicular decomposition or expansion. | Required identity.

2017 mapping: MEX12-3, MEX12-7, MEX12-8; MEX-V1.2, MEX-V1.3.

(d) 2 marks
At an intersection, 9(¢t — 2)? + 2 = 11, so t = 1 or 3. Consequently

P=(3,-1,-1), Q= (7,1,-5).

Marking: Correct parameter equation and roots. | Correct ordered coordinates.

2017 mapping: MEX12-3, MEX12-7, MEX12-8; MEX-V1.3.

(e) 2 marks

The midpoint of PQ is H, and BH is perpendicular to PQ. Also |PQ| = 2|(2,1,—2)| = 6 and
|BH| = v/2. Hence the area is 1 (6)(v/2) = 3v/2 square units.

Marking: Correct base and perpendicular height. | Area 3sqrt2.

2017 mapping: MEX12-3, MEX12-7, MEX12-8; MEX-V1.2, MEX-V1.3.
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(f) 2 marks
Since (1,-2,0) - (2,1,—2) = 0and (1,0,1) - (2,1, —2) = 0, the vector
—
HCy = (14X, —2)1)
is perpendicular to the chord. Since HP = HQ = 3, Pythagoras gives |C, P|* = |[HC)|?> + 9 = |C,\Q|>.

Marking: Establish orthogonality to the chord. | Use the midpoint or equal squared distances to prove the claim for all
lambda.

2017 mapping: MEX12-3, MEX12-7, MEX12-8; MEX-V1.2, MEX-V1.3.
(g) 3 marks

By (f), every real A gives such a sphere. Its squared radius is

) ) ) 1\? 54
RP=9+(1+MN2+4\+1=5 )\+g + =

The unique minimum occurs at A = —1/5. Thus

54 29 2
Rmin: — c_ = _’_7_2 .
Vs 1/ ( 5°5 )
This minimises within the stated family of centres, not among all possible spheres through P and Q.

Marking: Obtain R squared=5lambda squared+2lambda+11. | Justify the global minimum at lambda=-1/5. | Correct
radius and centre.

2017 mapping: MEX12-3, MEX12-7, MEX12-8; MEX-V1.2, MEX-V1.3.
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Question 13 (15 marks)

Integration and a cumulative integral

(a)(i) 2 marks
Write the fraction as A/(x + 1) + (Bz + C)/(z? + 4). Coefficient comparison gives A + B = 1,
B+(C=3,4A+C="7,hence A=1,B=0,C = 3. Thus

?4+3c+7 1 3

(x+1)(z2+4) =z+1 - 2+ 4

Marking: Correct partial-fraction form or coefficient equations. | Correct decomposition.
2017 mapping: MEX12-1, MEX12-5, MEX12-7, MEX12-8; MEX-C1.
(a)(ii) 2 marks
Integrate the decomposition:
2 3r

In(z +1) + %tan’l(m/2) =In3+ 5
0

No denominator vanishes on this interval.

Marking: Correct antiderivative. | Correct endpoint evaluation.

2017 mapping: MEX12-1, MEX12-5, MEX12-7, MEX12-8; MEX-C1.

(b) 3 marks

The limits become 0 and 7/4. On this interval, sec § > 0, so the integral becomes

/4 2 /4
/ tan” 0 do = / (sec — cos0) db.
0 0

sect

Evaluating In(sec 6 4 tan #) — sin 6 at the endpoints gives
1

In(1+ v2) 7

Marking: Correct substitution, transformed limits and sign of secant. | Reduce to sec theta-cos theta and integrate. |
Correct exact value.

2017 mapping: MEX12-1, MEX12-5, MEX12-7, MEX12-8; MEX-C1.
(c) 2 marks
The substitution gives
/2
I:/ (m/2 — u) sinu cos u du.
0

Add this to the original expression: 21 = (7/2) foﬂ/ *sinz cos z dz = /4. Thus I = /8.

Marking: Correct transformed integral and symmetry equation. | Exact value pi/8.

2017 mapping: MEX12-1, MEX12-5, MEX12-7, MEX12-8; MEX-C1.
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(d) 4 marks
Let K(a) = [, € ® cos 2z da. Integration by parts gives
J(a) = —e *sin2a + 2K(a).
A second integration by parts gives
K(a) =1—e “%cos2a —2J(a).
Substitute and rearrange: 5J(a) = 2 — e %sin 2a — 2e~* cos 2a, establishing the result. Both
lower-endpoint terms are included.

Marking: First correct integration-by-parts relation. | Second correct relation. | Correct endpoint terms and equation in J. |
Solve for the stated expression.

2017 mapping: MEX12-1, MEX12-5, MEX12-7, MEX12-8; MEX-C1.

(e) 2 marks

By the fundamental theorem, J'(a) = e “sin 2a. It is positive on (0, 7/2) and negative on (7/2, 7). Thus
the unique maximum is at a = 7/2, and

2
Jmax = g(l + 8777/2).

Marking: Correct derivative and sign change, including the given domain. | Correct location and maximum value.

2017 mapping: MEX12-1, MEX12-5, MEX12-7, MEX12-8; MEX-C1, Advanced differentiation.
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Question 14 (15 marks)

A vertical flight with quadratic resistance

(a) 2 marks

Take upwards as positive. During ascent both gravity and resistance act downwards, so

mdv/dt = —mg — mguv?/c?. Since dy/dt = v, the chain rule gives dv/dt = v dv/dy. Dividing by m gives
the required equation.

Marking: Correct signs in Newton's law. | Correct chain-rule conversion to acceleration as a function of height.

2017 mapping: MEX12-6, MEX12-7, MEX12-8; MEX-M1.3.

(b) 2 marks

Separate variables: vdv/(v? + ¢?) = —(g/c?) dy. Integrating from (y, v) = (0,u) gives
1. 024 c? qy
it PRSI
2 uw+c? c?

Exponentiating and rearranging proves the result.

Marking: Correct separated integral and initial condition. | Correct exponential relation.

2017 mapping: MEX12-6, MEX12-7, MEX12-8; MEX-M1.3, MEX-C1.

(c) 2 marks

At the apex v = 0, so (b) gives

Using dv/dt = —g(1 + v*/c?) during the ascent,

2 u d
tu = C_/ 2—”2 = Etan_l(u/c).
g Jo c°+v g

Marking: Correct maximum height. | Correct ascending time.

2017 mapping: MEX12-6, MEX12-7, MEX12-8; MEX-M1.3, MEX-C1.

(d) 2 marks
Take downwards as positive during descent. Then w dw/dz = g(1 — w?/c?), withw = 0 atz = 0.
Integration yields
1 d-w g
2 ¢z e’

giving the result. In particular 0 < w < ¢ at every finite x, so the logarithm is well defined.

Marking: Correct descending equation and initial condition. | Correct speed-distance relation.

2017 mapping: MEX12-6, MEX12-7, MEX12-8; MEX-M1.3, MEX-C1.
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(e) 3 marks

Set z = h in (d) and use (c). Then

uc
wy = ——.
vVu? + c?
Now dw/dt = g(1 — w?/c?), so partial fractions give
c+ wy

tg = —1
= —In .
d 2g c—wy

With s = vu? + c2, the ratio equals (s 4+ u) /(s — u) = (s +u)?/c?. Hence
c (u + Vu? + ¢? )
tg= S (XM )

g C

Marking: Correct returning speed with the positive square root. | Correct separated time integral and logarithmic
expression in wO. | Simplify to the required parameters.

2017 mapping: MEX12-6, MEX12-7, MEX12-8; MEX-M1.3, MEX-C1.
(f) 4 marks

From (e), ¢/v/u? + c2 = 1/2, 50 ¢ = u/+/3. Thus

T=t,+tq= \/gg{%—kln@—l—\/g)}.

For the comparison, define for ¢ > 0

D(q) =In(g++/1+¢?) —tan ' q.
Then D(0) = 0, and for ¢ > 0,
1 1
Ve i@

Therefore D(+/3) > 0, proving In(2 + v/3) > 7/3, and hence t4 > t,. Equivalently compare the
corresponding integrands directly. The same argument proves the time inequality for every positive

D'(q) = > 0.

launch speed.

Marking: c=u/sqrt3. | Correct total time. | Valid exact comparison through a derivative or integral inequality. | Strict
inequality with a valid domain and conclusion; decimal evidence alone is insufficient.

2017 mapping: MEX12-6, MEX12-7, MEX12-8; MEX-M1.3, MEX-P1, MEX-C1.
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Question 15 (15 marks)

A rectangle of constant area

(a) 2 marks

From (p +iq)? = a + 14, p*> — ¢*> = a and 2pg = 1. Also p? + ¢ = |a + i| = Va2 + 1. Hence

s Val+1l+a s Va’+1l-a
prE=—riy—m, =
2 2
Both are strictly positive for all real a, establishing the required first-quadrant root.

Marking: Correct real/imaginary relations and modulus relation. | Correct two squared values.

2017 mapping: MEX12-1, MEX12-4, MEX12-7, MEX12-8; MEX-N1.1, MEX-N2.1.

(b) 2 marks

The equation is (22 — a)? = —1, 50 22 = a + i or a — i. Its four distinct roots are
p+iq, p—1q, —p+iq, —p—ig.
Their Cartesian coordinates are (+p, =¢). The side lengths are 2p and 2q, giving area 4pq = 2.

Marking: All four distinct roots. | Rectangle with area 2, justified from its sides.
2017 mapping: MEX12-1, MEX12-4, MEX12-7, MEX12-8; MEX-N2.1, MEX-N2.2.
(c) 2 marks
The diagonal length is

2v/p? 4 ¢% = 2(a® + 1)V4.
Since (p + q)? = p? + q% + 2pq = Va® + 1 + 1, the perimeter is

L(a) =4\ Va?+1+1.

Marking: Correct diagonal length. | Correct perimeter.

2017 mapping: MEX12-1, MEX12-4, MEX12-7, MEX12-8; MEX-N2.2.

(d) 3 marks

The equation is v/a? + 1 = s? — 1. The left side is at least 1. Thus there are no solutions if 0 < s < /2.
If s = v/2, the only solution is @ = 0. If s > /2, squaring is reversible because s> — 1 > 0, giving

a? = st — 242, a= +svs2—2.

These two values are distinct and satisfy the original equation.

Marking: Establish the threshold s>=sqrt2 without accepting extraneous roots. | Correct real solution formula. | Complete
classification, including the boundary.

2017 mapping: MEX12-1, MEX12-4, MEX12-7, MEX12-8; MEX-N2.1, MEX-P1.
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(e) 3 marks

Suppose the perimeter is rational and let s = L /4, also rational. Then = s> — 1 = v/a2 + 1 is rational
and r? = a? + 1 is an integer. By the supplied fact, r is a positive integer. Since r > |a/, the two integers
r — a and r + a are positive and satisfy

(r—a)(r+a)=1.
Thus both are 1, giving r = 1, a = 0. It follows that s =2, impossible for rational s. Hence the
perimeter is irrational for every integer a, including zero.

Marking: Correct contradiction assumption and show sqrt(a squared+1) is an integer. | Use integer factorisation to force
a=0. | Complete the contradiction using the irrationality of sqrt2.

2017 mapping: MEX12-1, MEX12-2, MEX12-7, MEX12-8; MEX-P1, MEX-N2.1.

(f) 3 marks

Write 6 = Arg(z, — ). Its real part p is positive, so —7/2 < 6 < 7/2, an interval where tangent is strictly
increasing. Since ¢ = 1/(2p),
2
-1 1 1 1/1 1 1
tanf=1 — = — ————(=-1) —=>-

p 2> p 2
Equality holds exactly when p = 1, giving ¢ = 1/2 and a = p* — ¢ = 3/4. Hence the minimum
principal argument is — tan~1(1/2), attained only at a = 3/4. All positive p occur in the family because
a = p*> — 1/(4p?), so the equality point is admissible.
Marking: Correct argument interval and tangent expression. | Prove a global lower bound and its equality condition. |
Correct minimum argument and the unique parameter value.

2017 mapping: MEX12-1, MEX12-4, MEX12-7, MEX12-8; MEX-N1.2, MEX-N2.2, MEX-P1.
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Question 16 (15 marks)

An alternating approximation and its first correction

(a) 3 marks

Putg = z(1 — z) and

1
M, = / q"(2z — 1)* dz.
0
Forn > 0,
d
{2z~ 1)g""} =2¢"" — (n+1)(22 — 1)*¢".
X
Both boundary values vanish because n + 1 > 1. Integrating from 0 to 1 gives
(n + l)Mn == 2Bn+1.
Also (2z — 1)2 =1 —4q, s0
M, = B,, —4B,1.
Combining these equations yields the auxiliary relation

n-+1

Bypi1 = s50——Bn,
7 2(2n 1 3)

and hence

J— Bn
 2n+3]

n

The argument includes n = 0. The auxiliary relation and By = 1 also show that all B,,, and therefore all
A, are rational; a factorial expression is not required.

Marking: Differentiate the suggested expression correctly. | Integrate with justified zero boundary terms to obtain

(n+1)M_n=2B_(n+1). | Use M_n=B_n-4B_(n+1) to eliminate B_(n+1) and establish the required identity, including n=0.

2017 mapping: MEX12-1, MEX12-5, MEX12-7, MEX12-8; MEX-C1, MEX-P1, MEX-P2.

(b) 3 marks

The substitution gives
1 1— n
0 —Uu

Rename u as z, add this to the original definition, and use (1 4+ z)(2 — z) = 2 + z(1 — z):

2Fn—/()1[w(1—w)]"(1ix + 2im)dm—3/ol%dw.

Writing ¢ = (1 — z) and using ¢/(2+q) =1 —2/(2 + q),

1 _n+tl 1 n
Fn+1:§/ 1 dx = EBn—3/ a dw:EBn_2Fn.
2Jo 24+¢q 2 0 2+¢q 2

Marking: Correct substitution, integrand and limits. | Combine the two integral forms to obtain the symmetric
denominator. | Establish the recurrence by algebra under the integral.

2017 mapping: MEX12-1, MEX12-2, MEX12-5, MEX12-7, MEX12-8; MEX-C1, MEX-P1, MEX-P2.
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(c) 2 marks

Forn =0, Ag = 0 and Fy = fol(l + x) ' dz = In 2, so the identity holds. Suppose it holds for n. By the
definition of A,, and part (b),

SV ) T

Thus the result follows by induction.

Marking: Verify the n=0 base case and set up a valid induction (or equivalent telescoping proof). | Complete the induction
using the recurrence, with correct signs.

2017 mapping: MEX12-1, MEX12-2, MEX12-5, MEX12-7, MEX12-8; MEX-C1, MEX-P1, MEX-P2.

(d) 2 marks

The integrand defining F, is positive for 0 < = < 1, so F;, > 0. The sign of the error in part (c) therefore
gives

Ay, <In2 < A2n+1.

1\" ! dz
0< F, < | = =4""In2.
n_(4) /0 14+ .

In2—-A,|=2"F,<8"In2 —0,

Since 0 < z(1 — z) < 1/4,

Consequently

which proves the required limit.

Marking: Use strict positivity of F_n and part (c) to establish both strict inequalities. | Obtain a geometric bound tending to
zero and deduce convergence. Merely citing alternating signs is insufficient.

2017 mapping: MEX12-1, MEX12-2, MEX12-5, MEX12-7, MEX12-8; MEX-C1, MEX-P1, MEX-P2.
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(e) 5 marks

By part (c), the quantity inside braces equals F,,/B,, — 2/3. Put ¢ = z(1 — z) and
y=1—4q = (2z — 1)% Part (b) gives

F, 2 1 /1 q"y
e dr
Bn 3 GBn 0 2 + q

Using the supplied identity and then part (a),
Fn 2 2 1 1 1 q‘ny2
-n 2 "yd d
B, 3 27Bn/0qyx+543n/0 244"

2 1 1 n,,2
= + / 1Y 4.
27(2n+3) 54B, Jy 2+¢
Part (a), applied at n and at n + 1, implies
1 1 1
/ gy dz = / q"ydx — 4/ ¢"ydz
0 0 0
Bn 4Bn+1

T 2+3 2+5
Since part (a) also gives B, .1 = (n + 1)B,,/[2(2n + 3)], this becomes

/1 n? gy — 3B,
o 1Y T en iy 3)ents)

Now 2 < 2 + ¢ < 9/4. The remaining integral is positive and at most one-half of fol q"y? dz. Thus

0o (Fn 2 2 _ 1
B, 3 27(2n+3) ~ 36(2n+3)(2n +5)
Multiplying by n, the lower comparison tends to 1/27, and the difference tends to 0. The required limit
is therefore

1
27 |

All estimates are for real nonnegative integrands; no interchange of an integral and a limiting operation
is needed.

Marking: Reduce the limit using part (c) and obtain the integral expression for F_n/B_n-2/3 from part (b). | Apply the
supplied identity and part (a) to separate 2/[27(2n+3)] from the nonnegative remainder. | Use part (a) at successive indices
to obtain the second-moment identity with value 3B_n/[(2n+3)(2n+5)]. | Bound the nonnegative remainder by a constant
multiple of 1/[(2n+3)(2n+5)]. | Use the resulting bounds to obtain 1/27. Correct equivalent estimates earn full credit.

2017 mapping: MEX12-1, MEX12-2, MEX12-5, MEX12-7, MEX12-8; MEX-C1, MEX-P1, MEX-P2.
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